s

H

{
i
Loy FRv A }

3 a”z} {



Ch.a 1) ( fexenh oA G Ggeadons

i . %-/)ﬂ o rd&lﬂ&ﬁ C/C{/ reatald € Cf ) (fi,}a/} 4 /
N /\]/f’IA O rcfel / s A r'e L e 5,97[ Du ',f_c.“, ”

- o
gy (’ .
}V (%;M/ﬂ';fg%/ ‘):’[;}:{ ):: @ ({)

. - /-' - .._l // (/ Yooy
///-]/4 6/5[ (,J/oh oA d?’//f,/] '{O/?’M 5 (,é,/(,(&. : // e

Ol u{ do Ntk gy clon

7
JN ol : .
dTU sk ;_._-a}: o v b s L =0

L) Eo= -
,,\.\p\,

Moy -’i/h&, 3‘:}.@{;}‘[7'4;:,!-1/{ RIS l’(///; /‘ \/’)(?»ér%(/
’h\j{_w C/(xft/,t/) 'z.’/' ( (’/( n ('/L] Iv§ ’[D : L(/h/ r(’él @
Solufn )ch,l;v{;f , We anlf i f o (L

fro. $olih.
( .

v M}’_’UL/%/” d[{'é&/\&»%hw '

N *1'1",;!«(&/‘ 2y '(/][,;)‘/_1,{2‘)%}, he L4

e A4 ﬂma/ biolee J\wo;_ LA

o gwﬂw@m@i -//;/z,zfm,i/’)'}j«;,_s

4
e ek ke cashll atal dhe
Solupu. 2pite . 1§ o clan ”"ff}'.

VK j/w/ff/) 1 le -;ﬁ///ﬂ(./ Va4 A how _INW fwd&pj,(
/ﬂL,({, €& Ly /’i’ }A-"f)’ o /\/{-/6‘/ M vo. 1o 5 ':}’éo”/"n':""’"

&‘[/J [{,Qé )l)(f/ L@,; //\j; 7‘& J,L'L(:A (/Lw/}/} }

¥



?{ X0

e
bl
£

©

AR5

e
l
- bRy

}W (h»ﬁ (f}/'l/;vuf O(Q/WaJ’th (Z_,\L(I(jj7 Nz o’/’ﬁ,@

' ! 7 - "”%/ j ", -
ng-wm,i_. f g‘;ff@ J‘r’) 7, a.,i/./ ViR

-

i Mo %)ZM e 5hatl Attt Sk
Mo DulbeAies Qs A - Paes olld Lesenhda.

"ﬁv‘lwzzj s ) he . e gL - f?U L }/Léw ¢l {@ﬁ{ f ¥ /(
y ‘fjﬁ-ﬂ--ﬂ-- / L CA« PR lix) cef

(pidihions o
S . . . ] . ) -
”{Uﬁ / " ol ad Done /(V‘ﬂ fﬂow/ X Ay
’V{\P{ / / {/3\)/1’{ {
- . /'” e
/ )U/M'_ /. pily

- ; f [ ‘ ;
i » ( : e il A ( i Pt e
@ j ,}fi {5’/2\)’& A iz ;{f_k‘ (;‘/7 /Vxéj ,,3_f e s A ;-{// oy {' /fi o
& 5 !// {

/,/’N ey “ & ety //vu:& s z/z//s @//ﬂ e

/’L/} oY ’)/L(/u/{/{ Wi@/ 4 (/ (I DR SRy // VoY (j{,{i:;#
\/E\f { } Vs /{//g ,} (/‘f. ¢ j{;‘?_, {/‘Lé & ‘ﬁ { ) Lt e 4 '},g F

a Y/ /) 5’ A2l S
(el Ll iey e ~7



&,
]

R T TR 3 — |
oo lpemiit (AN on Let JU9 %0, 90 )

—

— -

f\ f;

N W

, . - | - j
).2,@. //}\ uf))!,,-i* Vf}x{é’! Shon, E’/{ - i} YQ"j wf £t E_‘/E,-”; 3 ﬁ’;jﬁ _’:j}_;l . v
4 . Dy, Nalje
¢ ;

, 3 ,
Y G LN G’luJ? S~ VA ot muJ

] J 13 “‘j Oowd 1Y) Level
Ct“/7 s ?/b & Ci;f/“{ R IR

Wi haite 7/7 AN P o hve Al cmed <0 S
Spmg Lo Lf/(\{ i LQ} A AR B (] ’
| dii) 0,

Z»_’,‘ii' (}'LU iy

L B\‘“ ﬂg {Pﬁmi’) o Tf (}LJA_ Vi ,[:%, ‘uw/g 5/ bt fibnre.
B e Plidte ii'-\u Z‘/}i

| ‘Lu/ 1 7{ {H AL €0 'g;&w 4 JZ’?}L‘S{ f*’; VE

uha  dnad
' fj;j - y‘{ ‘:j’) ‘jlj i /.{js{li)f;' fj}?’!f"g ’-j*}) }

‘ A al . N . . Z/ .

<. ?I/?"b'?/»é :

[ he ik reaped fo

Liplichike comdh
AN is’-f./m,ﬁ,/i A4 (jLQ alosve j%(gf;!/h’ﬁ

[%/! ':}

1y
4 .



N . e < A P ’fl,fj;’. RN
Ferv ?\?,i % ‘5' ‘)ﬂ VVC 4 H it

?\-N? e 'Ef&\,&;\é' Q. EAVIRVRS
Lips bt

AU o (4 MJ pued

* oodb e
WMl Lo ;1@, ch(j

dﬁu Sy by A ) 4.4
AN

KA ) T

¢ . ; & ‘s\ . ran ) i e g -
L) O:L; f\ Lo ){) ¥ %,,t..l/,z,..;;fzﬂ 7ot f,§ hom /;‘g,rf TEAl Jﬂ}}j X,

W -
N ,,J /f,{ N ; -
A (%, | , /(/‘f ¢, N R T o (4, 7 )
{ l{?{ {_,y[ X'Q!_,j

w M!JL/Q‘ 60 ) . v A/ C’N___( M ’)OM L@y&j ,Z'!;m;wf}'] .

\f\!i‘ofe A (ovis) Ao 1 «.Q, /M/ lepeahial éi,z;f,,;g,(:,./tm
[

. !/\
//,},]/g éi /{L@/ bt}w&m/‘—'—b&g] éé}v‘i /fé })L‘ ! ! !; j N i g,_
g f‘_/ v - N | |
//L\.Q (:L/ICM%L_ /,j ./t,\ (?'/ ;/ I Iy crl/;// f Fhdo k-
Cof H ] 5o T [ j | 5,; ,?Y() /j[//af ,//{ ‘M;
‘{ /W f{,Xfﬁgj'l Vi f ujf/

i ﬂMudL (heney & ¢ %< b ) 7} C’L””?
1 m/w«'( < / A/U /9/)

fd
\!

P _ N
j M )/?fwfi‘éﬂ [Dve 4 /,W« R

m o
- { ’ : F
ViRg j A A \)L {/f ’% s '/ A ) () o {,\;f oy ¢
1{ Ay )
'{! \ I‘g {
x‘i.zf A :} Lf ﬁ?‘;MJJM "'[/1 ‘g/ ~f;;/ ;‘ Lo o \/g”‘*/_ {:;gg\ﬂﬁ‘
* J

A

£ .L{.!,ff S éféf{g C {/T {Z/»/,{»‘}



¢ o Lu o ﬂﬁ (41 satl J/y 'y (.7} RYisks

&N
(vf ”/7\@. /J?k/wf gad ) UNTgaq

at all pomh

on jf/ﬁ'w s Al N g eneial y Ve

'{%Otmﬂé/f
) { oflow s ¢ Foc @ Jinear OVE ol Jiq
2/’10( Frde
A L 13(x) Ly ) U= {ix) (S 1)
A xt Ax

e lewel Laop ] and T B

of | Mlal !B j‘—%( /,M4- 4, Ui/ 45}‘:’% /m; =0

o, Mlaltpy B’%/»«m U, 49 1o T /m ¢

L0 here %;o/?,/e}@u@,zﬂ 3@_/5” 0,0
qre constats { ¢=0=0, Al fﬂg 5(s
e called W |



2,

Sorond  ordee DI / )/ffw fiel 357@*4 fiaas

7700 The '7[(-3/[0@ :g Serond a1 A4
0@/)[6/&*2%‘&@ é’;a[uc:qé“m-

Cons i deo

] neat 147 bﬁMof@r’iouA

{
o A At | L P
< MT}(L +Dix) g Feixl U - q(xs/ , (7] (2.1)
/} SSO(J}J@&“ hﬁﬂlﬁﬁ@xié@w’) e.czq&;/mq [7:@}
z. .
G Cxl AUy b oy po) il = O (z.2)
A xt Ax

ud Ab] ke o

cﬂ Let U, (5]
73@(&;&41 ":rp /ZJZ

5@&4%0«13 f‘z{ Eq (7.7 I.

) inéart f‘f ﬁgf // Y] 67 (4 oy

Ci U,, 1Cz f/{z, _ 4 &7;%/ (z 4

{ :
arbifrecy (97 feils

s alo « sl hin vf (7.2).

e shall Show /f%mL J /[ U, zad Uy
Q KQ [/h@ﬁf% /4/@&'&»&{.0[ Lf@é{é)d’ Eq (7.1 )/ WLQ/]

{4ry 5’0&(%};« AA [.ﬁ? Eg.(11] (lan Le

(7 | yeA 27 o //)/L@;:»/ )”L/J? @(ﬂ&f/éh .J /C('( ot g/(,

e
LU () = C l(x) e (1% )



o

b) 4]
M\ & -k /C(L 484 Z /A (iqf‘r@’ /H/’ng%jm c@w{

oA )4&(\/@@ , Alen /fZ\Q, (/@fz/ja/\

‘ﬁuﬁ/c/ﬁans ) 4
< &) (47(‘(/

'M{ 12N
b we c’ﬁ{[e/m e (LY ) ia ) (2 gch
( (
o« AL / }j uz, - /T,. $)
1
”M(ﬁ. VU / ok A, Qe / f-%éa./gzﬂ /725@{1_@@/{{&:[ ¥

1o sufficieat et A Woashien

7 U '
/(U _ { L ( (
-ft;s Shao (szvL /‘/\ L[ ¢/=0
&L& _ //)1 éﬁ(@ CZV/M‘{{U/'

,H s ca ;7?
Hon U end Ay

( \
):’“ (/{(C/g,*(///(fbilﬁ

V\)(d( qu
( ,
_(’{_L _ (izf//% . t, = roasl AUy
L T

Hene AL ead y 4K Z/‘h&»{j 4@4&%&&%;



S
{
e,
.
O
o,
2o
Jaut S
ey
o
-
P,
Mol

P
[ o
", e e -
oy
-
e

fg \) ;f !C( ey, "‘;\"ﬁ)

\J

| |

N'/}Ajf’l/m WAL der /} Lot U, pened Uy et

. "’E /f /i . / ’/,‘,‘ % ey TR -

(pip Iihee éi/f a&%ﬂwm»f ) /«f{fma 7L f‘:i*’*‘f’/
o B - A .

/}Lg wto E ?/@/u’é e {k 59 /{/ e tfj i/,/f L /] %";j“—f/{
a{,fffivq LJQ ?/ L ;Mjﬂ

1)
A= O () ) Cty ox! [ 19,

ke de lid A fa dpey

a7 fL % , { A
A é,é?é,wfié‘ié;gf/{. JH & W’Z{“"/i’“’ﬁ cd - /7//

. # ,’f fi .,. 4 (Y] *}/ s
;j} f /{ ! ’m»é\; e} 3 - Z‘\Z/“f”{/iﬂés Q{f(fz./;ij ng_.é 5 (f‘:j"}



V i 5 . ;}y /’ /»;
e P T A g ; & b /J{J,k Ly r,sé{e;‘/é v 1
Z i { ot g&m /z . ff Iavey }QJ{V b V/}/ y,lé .

. s et e s

*;sz’\

‘ ) &} () & "f? f/}z"én ’ :} f; {J 4. 4//’%\ ﬁ £ {{5,{?)\ ,«{".,-a; ey { J’Eme
E/}E} ALD } AL Jion oo 7B i R 4 P

I

{ 5/

M) =6 ) S el (19

ey

ar f ‘\,FZ-»:/E . 2 i, ¢{ 4.4 / o ,e,_.(/{ ;*’:zg( i Sl € <k
{{ ﬂ@y{/’{r;{{ Wiﬁg’,g,( s rf 7[ )J@ / /{?’Q }/f f:-,w{

e Wil o (i

s

‘‘‘‘‘ } E,fl Epl i, S . gr /i;s Yido s ; j AL &W‘%i ' .{/;/{“ ,EF

r} é; v _{/ér d,j{,,,.z"‘ {i{}_ﬂ_ﬂ § o /é'i.é‘mzf—{_',\ f ottt f. /{ ;E'&//_{M

: . ._ 7
", i/%&,_i{ 1Y f} At 2 y&j [ g ‘ Ledl, ,? .

F%L‘e ;L? 4»//2;;{4 i ‘MJ{ A

/

rﬁf‘gm,gyf’ L{ ; Ll @j ff{rfi : L. b “gﬁu Yy {f;{: T f/:,?{) ;{/

: / / o r 3 Z,/ ,f_i" iy 7 ) Q”jz’f ,
j&&ﬁ «j/:gf Ale L va 7
L



(1)
fj] ' M @fhldc( “(f Y arfe })M af [OAS 1%4}5

s) Groam oy e e Leleane U,

LL?/']( &'(Z,- o ﬁ[ ,L{( , Since UZ.. S /7)/;;14 Mo

howto geaea C771

a ’uz,u +h ,{/L( jcd, = O
o (4 %%C/,{)/ vy (b, 1hd) Jeh =0

O s g2l W) ¢ ek

[y, 0 et )+ (o b 15 ), 4w v oo

Sjale M, 4 Solihn | Thea

i ‘ | f
/a/a” J..bh‘ )u( | b W, = O

Q0 / /
[
LAY NI PRGN
h U ¢
/ !
ll % '2"6{”’! f w—b:ujf
ht U 2
!




X |
b0
{ C - 2 ix')
}4 [X/ o ﬂ—wz 6 f
g‘x n(s ) At
a s
’&) [x) j " (X)
g bis )ds
’ ¢ ! - aly/

)

- €
xul (X) o C Ui [%} Lg‘ cAn &{’L[ij

}f
L fouv’fﬂffe 5 Forale

it o nd (e ma/}/ he //)I(Zz;//«j /MW,W
\ _

: [
fm (’(/{dz = U, [16 JL// //%f )'ﬁ// %{

W/ Wi d, | - M, Uy

\ 7.
bhou, ,-
k) dx
- 20X
. C
heww — C#O The Al aad U

ELLL [;z,,[ﬁwlf 4‘7«1 f om/zzmlb(? et ‘:j? Sol)

&j} //LO /G,Uﬂ/i}j@zfeg ) E.g,



(1>

b ) G b Y e iA ( f JK/UL /fU& d?a ,//7"cq,€¢_,— S [QA\M Vi {ﬂ

( (
ﬁft(/;[ }'b(/{f Fody 2 67

ﬁteﬂ .

ety il s o) )

| ( ( -
a(viu Vi, ) dh(yudva )V, =7

[ /0 L f
a (v, TV 7'%) b (Vi tya))

+ (/(j/ o cf/

\/(/ﬂﬂ/;”,ﬂlvdf{ tew, ) A4 aviu, 4 2avig !
I

{
bvu,=q

O
| (
I ‘ (;(/ 5 o
- : A2 U S 2=
(f g ( g (»/
Vo (e B v s 1
el bl A C([ [)\})
{ / If [ _4
S))/HQ 21%_{ ?l f - ;7—{—{ C/{UM /jé{/l,z ﬁ/
Ly
i q
:j \/lf—— HLL AV .
1’1( Qo L(/V
) A [ _}‘/’(‘“J B 9
Ay h ce Wy



P L

ly( (v/): q M/

Q[,x-/ U (x/

—

& W/ {‘C/U"{z,/ '

o 5 90x) o, 0] '

Al ) W dd, /

i |
( { (5l (6 ) Ax
AR

a (x') Y\//Ur(fé)

[& 5 ?[A)u (5! ) olr ],. f](nx,) C{[x)u,(;\/

aix'} W[q’{u‘( ﬂ()'ﬁj()lw[c"/%/

X{
o [T gm0 k) gy
\/[X): L - | CZ[X(/VU[“//‘/}/ ﬂf?‘{—)wfafm/

"X Q[X(){J,'CX()A)‘/ XC?[}\/UZ()(/ {
U T LA YV i Qe
Up = M) Ty Wi Q) Wiy 1.1

/ /,X//“



o : i f
g ' -
(vieer's [ Wi {?iﬁ .




Gevieralied Green's Ic/eﬂcﬁ/(é;

o linear clflecenlial opetafor [ i a  famchoq
Spaee  TF  whore ackva va a vech lunr e OF
rep fereled 9? o Aiffepnearral form Ly wix) cohew

(S A
Lag+a X ;0,2 4. .. pq &L 1)
Ax Ayt Y otk

SQP ore. Mat dheae exot a formal Of%q;ér L7
wite fhe prpety freaf Jle Gitentit equat o

I Laaa(ﬁv)]:jf@(m?/ @)

catled flo Layrm;,e £ d’@«%’éf O whew (W

15 « Lenction of t, Vv e Their Hajvabives, for &
Second. ocler lifletenisl opetatsr L Ao Sadea
fernd &/ 2z fre 74/1‘4 _.

(47 1= 0 v b 1 adV o i A5
(47 ( A Uy 7£bate<V7L('adx "JQM = %

and [V 2 caste Ao Hornel adjomt _opecalor

v b
Lxample ~ o " wf T d
amp ) L o j V Ly edg = J v;.;x,( AY

&

b
b
. _ d -
:‘:.\/a[a JQ a;z‘;‘/ Ak
o . b J' R :
i[‘/ﬁd+“(;;Jd’<3j [V;&d““[}x‘/) j"‘f( *"TLQL»
4 .
L Qs v ViV y
= d (Gu)-udv
Zt"x(vq) q?l"x

Sl (v u = gul —



dxt ol L Ax St

Z ——
5 d d o4 dv
Y axt “- atx° d @ ¥ oK

Ml%ffmﬁtr /ﬁe [,Cljfmiﬂz /‘&fad’?cﬁ"éf e 91/

3 u)[q,;)/ («7;.

X a

J W [VLM— u(L{‘V.) JA?‘: (_0[41!;}

(]

x= b

TI’LfS IS |<nwn an ({7-& Geneselicel G/e&«:'i ;@Lly
RHJ P Ca//w /2_1 [ﬂ@wu&y o Swrfate 716/’*-1

"i) = Gl 2 ”ﬂb 5) L = @LH :/L(

A




G reen'y Icfm Alfj and ‘4cfjalﬂf
' BOufboéﬁi(f Condi o

Considut row fﬁ@wzlay condelivas oA AL [/7/0/%9;&/:0@@4 BCr !

{
D lul= A dia) FBp M lal + T ucé)+§,u'(g/:o (s)
Bolal=d, wlal b fo ad'(a) 4 To grto] 4 3y '6) 22

Assomae /h/mL s bawwﬁz,j Jeon Vanishes
_ Qi) =0 é)

X=b

LQ{"‘{V){

h =/

We wne (51 and (6] o Fied dte B0 for v
whroh Callel Fa a.a(jam.%‘ baarf.aﬁd'j coalitions

Examples: 1) L = 3{( W sy

la)Via) -dlbl Vsl = O

ene. BC. if Ulal=dlel = Via)= V(L)

in dhs e /ﬂ»ejgzewf funde =V

Z) Z:‘[fi wiéi Allal = V(5T , q):m{f
Self 1oL U=V
ddjpomt oo
L {5 ﬁemﬁé‘an-
fr)( M[([:ZMC!’I‘ = 2 Ve) vis/



Wihea ﬁx sudwe e @ vamshy o bl fie

Adyoint KCr o we 4k fu Gleea's jduhiy

O

jgw [w‘?[_fum v{Z@—iJAx:o “Grean's Maié ((9)

o

Sewad Oty Sel,[aqi/omf‘ Opetatsr

(3
L = a(x]f_gﬁ
Axt

VLlau=-avia ivvaltcur

-
Pt

—
—

Vlu - mllav)= (59)ecv] s @

-

vilu - [(é'“v)lifgv)+£"vj A

J bcx}ff L ocexl Re aw) 7o
X

(31

o . o s -
(avu ) - U;[M)r+ (bvy) ~ul(bVv) tcuv

/ ~ A
[a'\?uli'bw?u)L[u(a;)rJ + u(a\/?/fm wlbv ) teav

-
& s avu FoVu~ aala?)

;‘;1 PES
B aby (22 ~0)dY 4 (2-5")v
dx* oy -}&'”

We Hook =
fhon .
Lf::(,ﬂaﬁ.g. ra'd ic
olxt AK
_ﬂ‘f{afffc

(3)

Gy,



Theorew . let ,7(;()- ond i e reead Jloe, (Za

fhe opecshs L A@ﬁww
Lb{,:.,ifg jfcu (ID)

W dx
s self MJQIA!‘ witi ek b we((féf Aaué'af .

Pmbﬁ WYLl = \/ifi(f,f cuv
A o) o e
= [,a[vu av)]+u L (p A7 ) e
g —
[wlotamu g pdvm) =l

tw oy

= L
1') is Po)‘S:HQ '}o Show M:( ang Znd aﬁ#ﬁ(&ébp

f : ., '
L ::ﬂ—if—(!”ﬁf e /u):;?[{f“u'iuv} @

ez Wt b reab—pelfrcich—Tn-h——fa—fon-

— F C :C((-—-—w}_?iz)wl(_
oAxt AX dxt o o

det b/a:"’f/ﬁ
L [dlfr”a(),uc_;_gof ”()7#(.

ol # | —
-

1
L =2 & “iu/(

—_—

dhxt 7 Mk P Ax atx
= —-—(- Z{ (I?"gf ) f“.C
W AKX MY
(/U!/lm W= F/ﬁ S o= %

f
/



©

Theoem = Every [ineae, formal dilfewdhl  Opecahe ot
dle  Second orde LoT e real. cellicol s 2elf- 4«9&%&%
P/L)\/:’M Jgle w&(‘f/tf‘ 7[.4/4%7)% o x] |3 Clovies ay

¥
j Ax" iﬁf’/
7N

w (x) - J/&) é alet ol atel 7O
The sudsa tecn  wga. (i
— - — f —
Ws plvu-av') zaw (vu-uv') (el

Hefm?/v"a/( Q‘I/WJWS L:L% j’é/rl adfoia f Lo F
boe, Mutt Comgaa e, cloacasa AMQA:H S ctlo-

1) MGl:alhlzo PV ULL) - pPlalute) =0

(Dicitet oakibons |
= viel=vV{tl=O

‘ (
‘CE) /U[a]:U[{ﬂ)SO V([é?.'l\/‘(‘l):i)
( Neamant (oqLikoas )

@ i) O(Ula%u%ﬁl:ﬁ&(&%d‘/é/:o (d,s vet )
(ﬁ enetal wnmixed roadifioas)

@i\/) Adlel~ wlb)
u'a) = u'ly)
peroctic Condi s P(b)!r"[b) = Pfa)vf/al

= plv) vivl = plalVia)

pla) (Vi)' 1) - )V )] = plb) (Vi) d) - a)v ]
éla] Va = p1vE) ) ul) = uts) (96 ) -ps) V)

o) ¥l = pav sl Y



Gr‘@e_m s F(,{VJ(,glfor/f

Let AA 5a,fuf'y dla ’nhomoj&/l%ﬂ &@fﬁéﬂwﬁd

C%MAM

LM“::F (13)

w i J_?__QMOUGMQM bau@&g Lot Ll

I?J;(U)'-’—'O Bita] =0 (7‘.'1)

/

The thno;fv’/l 4 56?/13%/05( Ale 0_-«:{/0:71(“ 0‘/‘%@&\[&{

Crfu,a,/fm

L_{-\/:: 7% . p.‘f) -

Lu’f”l’/l 6‘2&{,{0111{‘ b&q'u&w_z:@j

ael B lul=0 ad By (w) O o o (/s )

(s hew f aad /g{ G, Cg > fcmcéa,(_f

Here 4742 :dea is 4o find dha javese «*fd?uz
@owgf_ S 7 W A . % N— So.___due

H

(N ELIuT = <vIELf

whewe VvV an fle funchu i V

o= <VIET9

We 0ZO ///I/L{) 11 Ao 1%/[0@;:7 wa‘d-(



Lou=f 7z)

gind cle e fwmk.m; G (5,5) gad g?fx,z‘)- chalff/auy

& (X~
L G(Xaﬁ.)r L 9) ﬁj’)
< cilx?
1 - S(X*B] (/q)
L 9x4) - k.

whidh ae calld Pho Grees’ Fuachas . Ufm(f fle
Paivs  (ayv) , (i g) , (B G aed (G,q )
L.- kLeU [n de Greewn') l'c(m}ﬂzy tye ©YJdern

A,
Lo \Je,’\r 't] (M,\/]

— b 5
wa(\?La-m(LfV))A%: Jwi‘/’vfalxﬁfwu‘bdx;a
[4 I

a

v, {y = <h,u7? [41\.,"05 ‘-"4('1‘17\ ‘ (Zo}

i) [“ff}

j ((g L~ Lfg)]afx fw(x)jw,ylim)dx ""W‘g'/w
b —_—
'(«”g):: J W (k) g(ei!fj)]ﬁéx}alff (2’)/

i) (v, G)
jL {(vLG~e(t“) Jwvff“’dxﬂfwet?

&
b . ,
v Ly) = JWCH hax) G Ly, y) el
Co - (727
v(:;hj we) b G (4 4) K
&



G &yl | g[x,z-)

"|v) (G/g)
b

4

G (2,4 )= g{ﬂ,%)

1\(\ Solv’lf\j G(e,en‘; An%}ms

§oy) ®

N

Y

o

— -
j Wl G Lg-g (1T6) Jaxs Jw(x)G(i‘J/iﬁf‘l Ax

W

WS

- J wirl/ 5{ X e {,"{iv/ab(

(23

LGC%j(: _é;_(_):ﬂ 73,[w):8/551q1::o (w/
¥ ! wixf

t S[X“;f (251
L;( gt)(/’(f} = m Mﬁ, (e)z0, ad B, lel= O

'HL L is Hemu/'fen- {L: UL

dﬁ(ﬁ/?— A, / adﬁ,ﬂ:lfﬂ-

(z6)

Glryls 9%, 4y y
5 G (toy) = Gl42]
ol s red dhe
G (xy) = Glyw )

3
5 Als Sw(g) :f(ﬁ} Glxy) oF

/'x ys Ckoyls 5()2—)9}

(m,

(29)

(zs/

()



_The vwetmod. @F - Greeas Foackoas .

Loaitr) = fex) , Bilu) =0 o Mo (1)

— b@udz&ﬂ” Loaly Foay., __T he acéj.af_lrt. . LG hﬁ&r gt 6?4{90/4_ s~

H &M&J&.y___..éaw, bias..

. ) 1 Vx) %Cx } . M i3 ( \/) = A=A T ,/M_____(zﬁ),,‘,

61’72@!’1 J )(UfL(J’Lﬂ Qﬂb/'ﬂlf‘f adao. J}ﬁ/é/[(/ %ua /uq,, o
et Gusy) —Xy T becac ,,4%4 cémﬁf _Aao

m//a bl Qdﬁ%

LGtz T e Vﬂ@;i

- LAJC)r/

and__ G(x,9]- W;X, y..€ I | e o A’/rlcé 4 A«e__ —
vada bé %f}.)/yu S ”‘/

U Gongle S R
Lx g C?(f‘j Pe) - : :

N/LQ LLI/ILANS M (_é,é@/ ﬂi _________ é@/rfy_g__/)z;@é’/yd»[.___ ,w:'
G( con's Afundhins.

L@L.,w) recadl //l»& Grean! )!a(%bj (S’wﬁuz_ o
o '}-@/m =) \ _ -

jwu?[%’i_c{; qb[t ) Jax= 0 e

i



g.1

G (x)= Vi), Y]z G lag)

igTe | wi by © (eg)olx (7
J

) bl oy
VY f P_S—--W<xlﬂl;_u“7 (2)

v ) gexl= Glx,y) e g0ye)

- jg__é_)L,,,.%]S_(_x_;,y]&{ X_;__M,JG?_Q&,_% y O_(X~2) M
ST[%_% ) ~ G (2,4) (2)

NE ’Lg is oelf _adjoix P cn,:()(,7__}_:_._645,#_/_,%
e d |

— G{Y/:f} G (ﬂ/ | @

f'. 7’"; G (x, )= Clasx) @)
B ____..,S_j_mme,#E(i.____fZ(Qﬂ/f‘J__ém L




@o

?mp«%%w O)L //M fee./LJ__véum,A(),ff

The_ o&ﬂuen/wﬁ e@mﬁcﬁw ja{/%a/ %___G/eeﬂ [

. ,v,,,fw_fa nchfon

Ll Glay)s o) G+ ber) 2 4] G = J0¢y)

i Ixt Jx L (x)
i ] _ ) ‘ _ ( 12)
L —F@( _ x el  excent X2 Yo
. A. We;,..a.au_m@i,,,a_c;g)___y o x &) _,_____J)@ini_r?/z&ﬁog__ -
,f,_.__._,_,,i,qc_\(,/_ﬂ (/_l’}_dvi 2 (x) 17;_—3___4’14@,# ” . -
(s 207
e . s
- ~- % = Z% P ar! -
) - ; , —S e -
and e [PW J jax) A9/
Pt Ox Loix)
] ] o _ ] — )
D | pex) D6 7 L P)Co) g o Pix) 9 my) -
I X Jd 2‘. o an) @) C/c}*__u_
Sy _ o -
_ a,.ﬁx j, 4 *7J - -G WM) IS o (oahngo
- .‘,,,,j:,x,,w : 7@4&4},@ € very whoo 1a T . 77/)@
Weads. |4 oo alis__laak. ot
,,,,,, — - X ;:j e
_ ]
Clx,y) { - Gy )/4
XK=Y-L i KL=+




(33

- __B@c,ma_% L c,:,} Glﬁ;y)m;aﬁm b have (24t aus

Y‘gi{ P, GRS _
.J.

- | gtxlusy)
Y-

I ~ L

_ Tragy e g,

. ) & [u)—y)@(u-!y/
-L

e ; | = Ply)

T ———————— 11 0 01 T 10 1 1 11 1 0 0 - aml/éf )L()[‘j ) : ' *
_ . NVERE 91l
| pLx) 926G L, [ rox) ) oy ) de = Ply)
I~ J anl . G Ly )l )

N _QM)_ :LEf:-”D CS_ _SeLo g‘..«_f_gl_%ﬂ% veq 1o 1o

— ' g T Pl
LE ) - (e (X9 ) =
:__ P—(_j_)—[TGK C [ y) x=y G ® Cx / ) L: g. aly )&J({’f}

/

) %=y

Gx-—-éi y) l}x: g Gx (x 1_9_)--1 =

a.ly )wly)

O,




___ o emw ,g___h%,ze

o ch,ﬂy zem)/ . ®

.._.nx_:;‘jf_f : xe 3'!‘ - .

G| - G| = &

_______ X2y . <2 Qly )WL)

 dm aditifon e e G oaditrn o BCs
. g wedl o : _ _

o ‘"; ﬁ, G)=0, BilGlso (1)

. COqulm(/lq on_of Green's fum)la/i | .
—— — t UA—T%MMW——@][ (Gree 4 5---3@4/“-/}1 A ) —

76(-?(/j ) i, o1y lfm /fLO_ )’lO;I;lD j_e,de.)a/j.._QJI_I{!._“,&M,_.X_#_‘V?w_
e ema . . ] L
C,U(_ ..... I # 4 5 X < j —

. 77_____(}*(& «fﬂj -4 . . L
: - *\4._ Z../u? H<x S L. - (Y

Mo = My lx)+ Co dy (5] ._ ﬂg)
-U—T—:f—r@F_—,——(—l-;-‘—(—ﬁ—/—r——f———rd/—z.—ff-,/-g-CH*— -

; ___._.Q) )/IQ,LQ - C, 0(;17__ anf of,. .__M_fga“g;}@“(i,éwc% X ,}7 —

- 4o Lo G@&le/d’t—l % e e c;f LU= )
w:gﬂ fhe tond s (15) ant (4)  we oblam_

/C o) A L)+ /(7~cf¢}/(../z£j/ d N

CQ;-A( ’ 0{ '{'{l(yi Jr [C’L"G/? J,/Liy/- — / =
0{_‘1 j Aly )y /-




G3)

K@J/A’}B{ . CI_:_QZ l,,;,,cﬁ. v Cqp— 0( 2 0( | _

. S Ctdy g ) A Uyty] = O

-

“, ( |
e Uy tgl el U, o) =
2 ()

o co g Yl _ Y b‘“”' &

et airl
— — /o)
W Al wiy) Wl 4] —

1)
!

s C=C 4,
_____ - ,.('_L = .g{ + d,(f

G Cx, )= Gy txy) - t.d, A, (x) Uy (25).

whee G, ] =4
(, )

B, (6 ) B 4ol Bluc) peidyln]=o @
Btécr) B (G )+ L&Z(u%)_m/,fg,,mz |~ o (&)

(o éa.{@Ciﬂ,..__éafzxfj/énaﬁla_(«é;\%_M%}Zﬂz

1B e) B, [qc,/////%, o é’/

g e ) B0




4
9.5/
@Q/ E) ([’{//S %6/;, K![@Z“T *"Bg[é:‘f,} (

ﬂff BZ;(U/) 71‘5/6 52,(”3)3 ~ g%z(@l)

( ~6,(6,] B, lu,) |
05 |- 806 B (1]
l

- D

/)
) 2,04,) ’“‘@JCGJZ/

J B ﬁﬂﬂ{/) “61,(61)
2 /\

A<= 03)/@;7&,{%*7wﬁ;[ﬁ/zﬂﬁzmﬂ %O

YR



__r.:.,m,lit?-n e - o‘ﬁl-ﬁuh,w & ---(,.4/“7"@3- G—/@?—/t ) B
Frunchion o -

1f 5@&.___;:; '_]ﬁ we byt

B /\ ~ 73 /%;,(,(/_7 @Lzm,a )~ @ -
] | £4WMJ_M £ e e

5 ~ ol
e )

. . 0( B{é/, ),,,,, BZ‘-/(, u e
B [;(_[ ;} » w____@{ Byt )5p 1, wm-» . @/
i, )by by -
o _‘;f*,atﬁ,mm/(z solud ,ﬁ,*p Moo O
f/j-,u (U) '() a/(f,», ,u, .

— [&t’,a(ﬂds A l= o ,/67 (A Epu, )= D_@
,zﬂ,z;w[w%zz.fﬁ /%//(. _.._%(.2,,,...@_561){7 a: Ja Qé‘uﬂ %4

}4 OAAD. 7 4.0 -4,/(__ il < Z/A 9@/)\?47..__&&}7«{ éc‘) Qn’a@ygw_
Lonlidnas [ /VOA//K AL SOLyTIONI]
T led =il sl e Fospi

T sk contiiser  Bylutn By lutco
- ;D/ov . olo fﬂ_Q-_ Jiomte. /Mocw Egua Haw Llxw=-o
— Naq no pjodficiel s 0/@ hoe) ety VZQ
| ,,_,._b@pm,c,& ‘ZJ@MAM L,,ﬂe Greenls r«lg;

L AMND Cla e 144 --—[-x A = f exub fMJ /J__‘
— A 7-H4L — Tha Saliulpn AL (;c/wm -_ﬁlﬂ’» 4«;/ e
R e f,ib,,,, . .
dixl xf_a/j w(ﬁ/_f Cx, W__f/y/___w»-
I s wnique. - ~




T S A

o ey—edyn | ]
— C__]_:L.\;) _
€= Cy 4 [di=d, )g B
5(__1“0/2.,_" — |
B Ci-Co =y o
djo —lbde ,  Cr2Ciiy
__________________ — e
& ( Ly #J,: ..... - : ﬁ__
_ Cordoe X

o

] \?’t""‘lf"d’ta’ = O

BL 6y It T
g Atk Y Lda=2 @dt"*/‘%/a _
O .




(k) ( Gxgl f ‘éﬂ a{g& (#)
“ o - B o -
o - ——

;;J(;;G . f @; G fay

Y7¥
. T S 4 _

n _

= y (X‘q)ﬁly)dq %j X /,3,4) 7[/?}@1# .

Alix)a K= j 404 ) ay N [ - /7,42 /{y}ay G /e




Bz b P ao @

Ue  2-Cptpt Cpta ] (:}g
- _u ’) e d 17(7(77'{ d‘t-—d{_—_———-— /(’tru

[ ‘ et = — [

— U)o Cp iy la) 4+ Urla)- —:_p(( Colyla) 4+ Gty (el 2

iy d il )by U tol s o (At 8 4, 162 )

S — C_( B l_..(ﬂ ,{,,);J,,C,z: ﬁ.z__/_az,__)_;f.,,.Q,,,i,,,,,,,. .
e C]. limﬁ ,?;,(._4.‘-(_/_..)_ '}‘—'@ZL"--“'ﬁZ*[‘QF =@ S

gy Bl

Ly E
"'—-'-{'—'" L T *d—t-:—*— o 0[ *,’ Bl [(:( I

!

134 (4}

P 7 /L2 Y S W 0T P
_Byla o

o=, (dy~ Btd | Btw)as
i} o Bgla !

M) eadwsg,Z{,dx);_,_x,/,et.) L
BV -

.___L,{_7_c_;§)_m_:‘/%;é)£) - Pl Y,

GL{(JL )

S )




u ¢ - (Je 7#,,7,,, = _ S

T I —
Y AT PR 7 ..,____L) o, (Al Bl )
— . ,B_ (u, ) - . By

e &L /(/{L' --d 7 U’\{ e ‘_,,_Iﬂ, . — -
. ‘ N : gl : e

R PR . E(.)"(Tg_}_ . 0{ z _az_/g/
B _JP[ 'y] *ﬁW (_u < ) t > } P!’g—)_W[QG/d}L

o [ Ty R —
Qﬁx..,_/_j__]_:. ,, EIPYRYY; |

,, _ ,' . ) ( i—uc [7}#(:47_(_,@_]_ y (xS h

L Bohs Uy aed ui Ohey e hiou s

Yo

T S %\/ )= /7 Uy Ly)
I p (Us) =0 = B, (d)=o

e Bl -0 (0)ee @)
S e solik o hon e i b

B m Voo amal
(Ug ) =0



(9

_pro yuf\‘m 0 ,( Moo Greon' S f?,ffffﬁf

1
L,( GQ‘/ﬁ) = aCxl%m G(),g]}—!ﬂfx)g G(){,?)%C&\] G(},g,?

dx

- & (x~y) (31)
L
F b
{ X i
Le* F/p 2 f = Pl e (’52/
{)fwf/a
=3 : ‘
axl 9 P_?_f») 1¢ G = b (x-y) (3,
Px) @ I wix]
P x) 3 Li-y/
5 2 28) L6 L Gy
a % a @ (x)wixh
l_e,# C{_S'?S{é' ¢ b We - asyume 42%7& G’Q‘;j’}
15 Lon FAauoan Jvae,rjwth ia Lad) . Yo G 75 loelite.
at o x= |
¢ - (3s)

Gugl| - Gl

A2 Y. A2 Y4

whee €50

Lnleprele (24 Hor (g1 ,gtc]

tyit 14 |
' ! fy)

p ot ¥ P Glaglas = 77
o X= -1 y-t . a(y Juty |

M {— © Ao
pis) (36)

XY alylity (

D6 26
F(Ang CAS

X

—
11

X:‘j+



0,
The« e %

(33)
GCx,v)/ - Glxy] {
X:j_ PEE'N
2——* G‘(-Kt‘f) — .g- G(;.{y) ] - f (3 ?)
o X744 o w2y AlglWily)

11”1 e d el fioa Jm fﬁww. Condilias we  lpace  alss
B,[(S'];O BolG)z 0 (‘gﬁ/

/

Thow we have fie folbotsy Theorem

Thefom/m; Codjfa@/( ’ﬂtﬂ bauﬂ.«&zj v e lus pm?{w

L;{/L{:: Fext 5 xelash) Lu/ﬂhc_ m .éawfzo@/j
lovdi hws B, lul=0 aad Bl = . Lleu
Whe. assurie Wt&?’” Ly 15 a Dol ocly  Orcheq
Kilfeionhicl equakan-opaalor.  Provided fliet
Aot e homogenoun eqeeahion //La/z e

Viontyiviad solatkisn _Sa./:zﬁvy gbove kam«é#
ol oy — e Grecals anecicled o do—

dle ‘O@uuw@uj velae Pro blewm e ity @nd waigug
The splatipn 75 give by
b

,a(,x/:f wly] Glxy) fg)ely 33)
p{DD'P:
C ulx] ¥ dtn/ as %<y
GCX( }: %/ l 33)
/‘7 B/( ’(415)(/+('L Urlaf _g(x_{.’:h <

(/UldM U( C&A-V( i1 Lol ﬁ(&&é;ﬁepw f)o/.r() ejg ZK LD
Gyt "{(/ e an 7‘0 é{ &f/eér.u//m»/



Wwe }/La ve -[ow 2 15@4&/7(“; Cp Gy c/,
omd d (of 4) an  four  (oclihm- give

tn (31), (7] et e BCy ia (391, Thi proced
fle esulesce for o wriqamen we (Inhnw fo 5ol
G—tzc‘_,/fjl it (38).




1{ M e,\mjj f/)O*M{/‘tv’/ |
ol soldh
Qmﬁ%%u boha bﬁfa,wfz?, @,L:::Z)MIM u<70 %@A{, Erl

) Lgp=0 B, q0)= 0O , B tp)=0
(//%g%) Gres's "/{m!’l[}f
%/‘9@ ?4@ %’x ®

S/% gix i) = - Yyl =0

Condraiehon Ps ok m ool
G reaa's

(v, v)> (% 9{7 O

[ PS /@/7&7{

B) Lf,{ /L/LMO M&[HZ:LD jﬂcjﬁb/ﬂ):a
5’:7(6)!/9}":9 =2 é /5/13#&@;)4&
@@MSL S
(U);A\ —) ‘{{/f"7ﬂo
[@%SJ{\M%



I e o,ml 5 noabivisl 50/45\/) ; 5;,2_ o

R > A

B ,,,,,,,,,,,,,,,,,,,,,,,,,,,,L V=0 b @J E, {,y )= O

R (v A ; (b uy =0 (L, em)

o \/(x)—- (JﬂL(_JGaf,X_FO

wwm A5 duct dhew exats e mmw,c,e
- Solih. . % A b |

o L_’E‘_v:\?j,f b ad N (vlze D 77{7\/7)7(7 S0

N 7 771., ,{_,{ "' ‘3 Ly ﬂ Cy 9 < 17 L( 7 O
@A,L /)m S

* ) cxslecc

L - . @@

_Grean's ﬁx %@ E @9/} _L g
p I J- I/Inr/] }/],ijﬁ,(_L“ —egn - LT’"\/ O ) 1( N B _
% T howe exsh o W ____%/,f_g___é, b ad §)mo (hes)
lo Wave Q. J’a//p .

o Sude Lfy;Z!aJWAHQ

Groon's fuach. o) (hl esn L# G =2

T+ han codd. e_z,,({ L =0O 7[ ~0 “ y

i ‘ T L,_Q,a._e exud o M ety 5 oln 43 q / =SE S S W
To Wac « _J‘DZ/( S B

<, Wy =0 ‘/faftmlmc?x”g,,...,___@)____




E yamples_of _Greea’s Funchics

J‘ L[”): /(JH ) Uilo) = 7] T
’ ({%)X f@/ ng“
{ ('zfﬂ?i) y {()/ >{‘;>/$(

p) b0 i) so
o fo- X<y

G (x4 )a 2
' ;i ﬂ)/ XZ’%’[

C) Foo A Jnle val ~ LY S

r:;(j ‘U{—!}:,&/[{}:Cj

G (7‘,(7) _'“‘:ljl (fx"gfsl%j«/)

d) nax s |
U!D):m&fff)/ ‘(,!i/a):“mU{{’f)

| J
G{y/y]:u-:; }X”;if]Jq

2. Lul= ol 4 u'

A5$OC/;CI@\«/G W((h'l //ZLQ @essel} '[U”»LA‘M '170
ﬂf& syl 957 < |

s M ordes 5, Gl for |
L6} 15

@MJ fh\ﬂ ],OOUVLU&;‘G“[ [dﬁ&{;//f‘f}(j /{/(f/ = O/
fl\u(«é ——



H)

- !og ?}l X & éf

¢! (&
Lluw) - &U)~%~u

ull = 2, L) ol

G(&%L:{

CU\’LQC@&[/;&@ L{)LJ’M /}LQ @8-5’5@./ 74,(}40';34 5/} (x )

. Y p
: { ¥\ _
Gwﬁh_ﬁg %) (W)J X €y
( A 2 !
= ::;“g)-(w) x7 Y
o Z
Lily) = [('f”ﬁi)U'J“ - J’ 3 AA
[~
YO/ }2 = O, ’22/~-~ . 7—"[4/—‘5 @dftéé/ﬂj;{ />

Q550 C'f\‘g(_jegf‘j (Ui S //ZQ L()fgﬂyjﬁa é/f?(;/fb/; ;
%?ﬂ zes- P 6M%h”/-/25/ ok, €K, /%g?%éé%%gw

- A‘J".)
ﬁj’?(’ﬁ ﬁ'é ' e i ” 2 2.5 #7

Z,/L/):. P, éa’llfcéz &7 %‘;ﬁﬁ(c

XL

Aoy v
dj h/y y )(lb/,i

_/Q’/ = C, [ —g{{_%:)/ ] ) ’C/a =G [ ',‘71.;« ]

Lo (l{/y /hu/ua ,S‘O(eu/m‘) '//Zue ij

(@WA.«L;&J CJ/LJZJH«» Cedd T o /7)@(@ c&*w/f é‘mlz,l
e d pw/zls )



Thts

(L
= Lly] = [

410y
;@54":" L,Lc,Jn
Lo

’ﬁ = O
L sz 2

£ qu [ 274 [t
'-,'_ i,

o

)/L&/)

Salifrer L5
Lo by tde

f

- =

j efué‘l:u{j
AL 5’&4
L€
St (e )
//46!? 2 (’/A/wu(




N eau@@maf Greenty %cmc,%()//

S ) LX A _= 7C 72 [ ,(4 [ = O R (S"LL__
i,,,,, ) ( (08 45 Fum/ﬁ da D ﬁ (/j’l/t,ztﬁ_ 66 c,(_sa/]d‘/t —

?{% 4] 55:; S/ (530

_ e exuh o noa vie 0 5ol o/
hormo jz/ceom Egn Ity =0 outshe. YL,
- 7,777@5( _/ ﬂg Cs_ L nL bove .  caluhvy &

A

<N, f5 =0 Yo 4. K2 (5y)
t7 ! I { 7 Ly {

T Ny — Y Ty P
o Greeats fyadioe of Jh Cqmé N

WWG:Q::/ ) = (J - ‘1/ _ : 6ﬁf /
T w
ff Kﬂmm Q}(u’b éx J4ﬂ4<f)//rfd JD//J /;cj

= 7 '
e __ }/;9%9 ﬁgﬂt@ vy EFL L A= Ak Jﬁyu by by ﬂ 3. —
To ba \/Q———Okf——jwm Al coric. (7 M/m .

<h, u4>=0 tS'?_ )

I G b () ae Dakishd. mﬁmmb ______
i Lotpwne dhew o3l o solddne ) . LD tos5h
e Suck 2l e o 0(/{7 /Zg,f Grmpﬁm__-

_ @@_L(_,CA/\W e
LJ_% N ?_; Vo(x/ 7 (g} - @

Tuv o] — — _ é@
7 =



o _The v 04 WL . MX_Z_ .. Zic,xjflf,,:u_/ 7Zf.mr J
— o L/Lf,,(ﬁa-g G—f e ') A_/ dh Lo .A,..____éi_gz_@ﬁ_q__éﬁq _py Clear,

Remodes 1L v 5 con dha solubin of.
B/ PR L SVo SV T Dapsh - bohy  adBr=0 _ Jhen
LW Ca4_mal (,/’}ua G Gof Float ‘L;j ;f&f //’7«4 Da/, —

e (V) we gef o o

[ 6w s 6l ] sz

 but wezeid v s
noh fiviad.

u&ﬂ . (e Yool 1[6;{____ (fl‘i__.egcéaéwffzg ( ( S‘? /

o Lx G (x, jl 5@‘ v/ ii(,‘/'\z%i \/i‘s _____ _
—— . I L , QL docmty e,

o = The.solibions... obbasaed - hir_to. cy’éu /// P

bLe uarque . To _abdam. . wunrgue? 23las we .
_ ),V] VW S o ' - I




genmeliial G recats fowt ﬁf (-’S(

ol G otegle .“A\(x Y _ 7V v ( xl \/ (g/

L\J

ga‘ 2 T u((x)u[(g/

g (i‘(j} -

(sz A’l C()Mevh iy («{.D entva m S é{ __

C<wilezzo . PS

J W g Ci‘,‘j -f(x/&LK~ J Q)/UCK) [ JCK Y/—Zuu/,(,f(?{)

g
——

~ iy )+ 2L w/ Ay A W & j ) fr:x};(,f,,/.,.
_______ e

o) = T (A ) [ wal fod Glaglely




Uoafuwl a<xSa

etanple

&‘(Xt - \

 Bes.

[ I- .._..f S
Alal=U(=4) (,’(/f t/Cf NPy

e

o Ug e

U= | Dahshu_ //ziﬁfea@, bmzm___ )
A3 Y2279, %Y B " S
= S ykr}C = -
gz <u’JF7 ‘97&'“# :
| (Ze

F 4 X gl F o) ey, ]

/L,Q/(_a/Q C 18 (,)/LQ A Lun LQ‘}

al:g}:‘ J Ll 4 / ,[féz/ U@(g/,x )&fg/ — :
) b”-«i‘ UL C,%/( a/é{oc“/z) (,‘{[/fig/(_u 7[£L (/’Z.u_,q____ _
/757 S A
{A(xd\-; ﬁl‘j’—ﬂ——— x [ olx J | “;?' ; ;g Jw’é’ 4 3
B

Y B - S
V7 x Fogdx + Y [ -1 ] 3ix)dx
/ - i




L

]

Lef

o

,G@ﬂeralim,,e Geeen's Funchig

L = xe(@,b) f L\
B (ul=0, B, ()

Led

Cflvl.

:
Lyzo

L&‘- ,(,(,, gud ’UL/ )ZQ- 0/(/74943”“4’&14‘/{ .SC"Ll/l[l-v\
,y.i e howesears. eg M"éf“ Lah  BCs

L)

/

( (

1.

- e = /
L, G (el = S%_?}.. L M (y)

3 b

2) aucx) = L€ &en) + JWZ*_;) G Gy ) Fiyloty
€=y
|

3)
4 )

-

5

Lohece ¢ s o Courbants

<Ut}7f7:o ﬂ:—'h[.-

¢ Ui ) 652‘1‘1)7 - ‘HZIIL

M awd U, lze 5 lecfions 7%-2 hOMajc/ng

UF +Cl Ut J‘(;_ U, <2
- Up + i teby X7 4
- A
et Ay
L% G = - 3 C/([?Jéf%

a) @,(G—L:\D ) B, Cel =05
‘7) 6‘1_:,6,~
C\ 6{,[-6-_(::._-“

a



Th@O(W.‘ L@‘l’ L‘,( 2 'F()‘} ! Xé’ééf?) Cd/%/\ @

I

b@umﬂay (o by B (ul =0, B el =0 Lef
/ﬂu,w_ e,léfﬁ w' /4047‘71\/1“& ’)olaé‘aq ‘J JLLJL

Nomo (rreown  <41a b Sadis o boA( bow/!cé?//

ondi ions i 1L cal f 7340 Aoa gl
L‘f)BI’) VIO J’O&.L«. i dl{u BOWJV )fo&a il ea .
Iﬂ( C &\;, f’) =2 M ewh Mﬁm% HM?/

5&/&44"»4-)
A A ’
adty] = € dotxl ¥ G el *’jw@/GCxw/ﬁ(;l&gf

a

WI/L’LU\ GL\L{H) w 4/1‘-0— Gresals A’”’VLL {ocnt
fou (©) .

EXQW}Z@ &LI(S ‘7C Xé('—'c[(a}
B, (4] = di-a)-Ulel =2

Bylu) = Ultal-dla] =2

Z/{[: [ v, = K

o sl b bk 86
/L{/" / L G_'; %1}/ .//-
O
L?c G:’——Zl Xt
Y, =~ L x*
KN
G((m):'{aftﬂ bop ek €<

’Zlﬁ ?‘k-§~ C[{ f—O(Lg( “yH



ENy
o) ,.i +dy — ¢, 2
; = (@
G gzl be!
1 G-
C tliy = el + 4
1Y
C -~
A, =(d,-¢)#

(G/
LrG)a s
cﬂ .
1 i(“y/d}
) CL:Z/;ﬁ{)
G/ -xq‘jt{ Cf:”(“Lj
T - 'j
(’yl(j?;'g%j L[;Jl)x -40I '/'?
_¥% |
¥
b2 ) x + o
{

/cfl ¥ a/é/ﬁ@/j
(4
ke ﬁmm/ M“’l <q, 67



An g ahibey ook

4 - .9
Uil = ¢ ’%J[%ﬂ)ﬁ%)ﬂfy ;[jxm |

- &

d

wle) = 8 (s w)falsy © ylal=u/



4
f '.g ﬁt? )<y ’L“[ 2*1)97/4’7 “57[/%)

?; / 16[)‘}" - / /fx/

:’L“{f g )F‘V‘f‘j*/j -/)7[/7/“5’

— x

NP

( &
U[’&):%«f fﬁf[ﬂa‘ﬁ
. ) )

/Q[ﬂ) > / jﬁ?/”’ﬂ

a// #) [[x _ ),ém/ = 1/(%//

()



Wwiha inhswog 9180w ,,bwm(: 7CM¢QZ,¢41

O

o e fﬁ, /L,,L(ﬂuz,c,f&n ' f[L:/k_ﬁwq__f(/)__[_l‘th A
Ml MDD Gt TR o o e Greeats jdeahdy

I XY j//f- e ¢ e 4

5 -
wtﬂg) ‘ oyt (’J’jn“ rfr |6 L(;Mx)/ C"Ljfl}/zﬂ—

<)

-

—_—— —

— - W,M i / Suts ./ﬁq,i »/ ¢ il }(:‘&

JJ'J Pd(: J’Iu.c/@;// AJ:/ e Dbemd  SCrelis ) e

WNapldhe  Suctze  fevni g3

pey)[ Gltjx)df ,uu? (\-/yﬂ}_f

. I X ,7,}(;::@,.,,

......... ; ( _XF“ ] - “ — )
Gi

—'E-\'
\&
o
&1

el

M%lmﬂﬂd)

- ,7,,77,,,7,41% T%(ﬁ(# { ""\L:*"'\‘,t Nl R




<

An Ly Lumj\, .

7“ WWLL_L b ﬁchw A

Moy Faa

e f5 (u,) i b I§ L)z 0"“

B’L(H(} }-L/IZL(%) '7"

— T -~
Mz o Ot T2
a
1




(5ceans #muﬂm»s cenol - @
The Sturm - Liguville Probles - _ |

We shatl considuw «a Heronitson &@/;[/6/6444/
@pe/aﬂéar L/ [T=1 . .

T he S% of Fla ’f&‘jm»/m”pray/em

“Stacy  Lioville problea . EXisleace 7’/24
Inverie. / y, Sfre Greents fcmcé‘o/:/

?««wﬂfefz[eu fhat 2+ ©.

. ! har  an Mﬁm/y 1l aed of e/“je/z.t/a,@

P 'ff?f L OKH-VM @'ﬁgﬂufc&ce M yridrg 7[/h/;(€
Numhec of) cisen vedsr (eppen fuachvs ]

?‘n R /C(/;(&] W&[h}.?//?/r? %
o The efgenvedos ”f L Spar Mo Space Li}/ﬁ/é/l

' 4/1:«7 veebar 17 e Li (a4) (ana be Cxpardecd /4

5{,{#&“1‘ Q}M\f&ofb/s cg/fzapeﬂaé,ho.{ 7 Fha Samng

a‘?z“m&u
(7= 2, <k, lE> Lady, 4>
n,k
Unilorm  con e/gena ke regetire

Sonwe addifoed ooy o4 3(

(<) E/f&fueae/\ oo, Vel
(1) Eipen vecks for oliflwet eigemwclee, as
9/4&40}944 ‘



&

E/ywémc//foa 67(/94””0” o)ﬂ éf&rz ‘) E/ﬂm%fz;
e L=ttt s ke Bl equation
(Z>r~€)»aa<):j[/x)} ¢ <x S b

w?fh gone BCs. T[he solutisa # e /70,45@(7@{96,4
Uation (Zx*a’)a =0 may % 7&416 ity el
@ we Shael Explreny Fre s olulsu /“méﬂv 7’/“2
@ff&d%ﬂd;{mw j L

ti !
L, Ay x) = Dy L cal
The Green 5 Aao/)}.

(L6, te,g) = 24

)

Led

Z, a , (9!24(/; x/l
N,k

G(, [X(”j);“

Uslng fre  Greea's Tcanhly [ G, wr ) pac

] | ! N k
Jw T an e bl et (a4

0 Uil
-an(’ ’[ﬁ) - k"’ ?l

D L



h@ﬂ/(ﬂ.

= (e
Z «Uf;[ }/g/Un“)(x/

N, 4

G& (X/?]:“ ;\ﬂ_e

- ‘ | —_ (47 £4] ~ . ,
Rmk_ﬁ. l. U {y] Ua x] = 5[)(,5(},;(’&

g The 9equence
N
(4]

P (3] =07, Gty ) k)

L o
lfk/] Jéé /%A/ (7[{‘()&{)( :f J/X~7](§(x)dx:f‘/f/

N%GD o

'FO./ Me ‘(3090(” é{ﬂCAbd}

Uz -

/‘emcf&: WQ &/ﬂdMMW €¢ ;\.4 ] If '6::’\#1
for dome "' We excduts .t fle Duw.

soln: {+ D
—_— i “rl
AL ix] = jwfw G ek = Z (fita y Ay 0o
Aq-C
L4 D

of
= <"[,fun7 (’é/ff
UK = C Mutx) + 2 -

n:#ﬂff Pa-%

C o towshe and Cdu, L 7 = ©

((/{} U,;,{) }JLL/‘U'A{ d/é



Q,

( .
Example s Ut Lat=f bl =uta)z0

C’) ‘SW""‘ % AQ homojé’/‘owz e.fé[c/?%‘* /ﬁ/ //C/:J

Sin Ve x (osVet x v xeloa]

,
=) (xeen's fq/zoé‘ow

Gg ()(,ff/ — [ S/ﬁ//(h’/fﬂl//{ ///'-y/ @&Xj
o Ve Smlfta) _ B
Tatn + Sin (g (a~x) VSiality) Oles)

b)) Clpen buncdros o W=Dk

ntrt
Y ; ‘ H=0,4,1.
a
T Ar
- — 1 g
)/a d 42" X

7@ géo/( Gfeaﬂ‘g A{WA“‘M Cza 4R
wrille e

7 Sin 104 0 /l/( X /
G= E ( / ( v &?\n Mo |




SET 5

MATH 543: GREEN’S FUNCTIONS

(References: DI, Sadri Hassan and Hildebrands)

Generalized Green’s Identity

Let L, be a differential operator and u , v are some functions in L2 (a, b)
then the adjoint operator LT is defined through the Lagrange identity

— )
wltLyu — w{Lk}] = EEEQ(u,*ﬁ), (1)
where w > 0 is the weight function and @Q(u,T) has in general the following
form
du (v du dv
u,7) = Au + B + Cus + DAY, 2
Qu, ) m+Bbd‘ C'u e T dy (2)

Integrating the above identity over the interval [a,b] we get the generalized
Green’s identity

[ (@) Lo~ u (TE0Tlde = Q). 99) - Qu(@), o(@), )

a

The right hand side of this equation is called the surface term.

Adjoint Boundary Conditions:
Let the function u satisfy the boundary conditions

Bi(‘h‘,) = C‘q'll-(fl) -+ ,ﬁlu’(a) -+ ”;‘1U(b) + d;u’(b) = 0, (4:)
BQ(U,) = agu(a.) + ;.’j’gu'(a.) -+ ’}fgu,(b) + l).gui(b) = {}, (5)
Here o, 35, v, and &; are some given constants. If in the above generalized

Green’s identity (3) the function u satisfles the above boundary conditions (4)
and {5) then the function v satisfies the adjoint boundary conditions when the

1



surface term vanishes. Hence for future purposes we can define the Green’s

identity

] w(T Lou — u {LL v}]d:a: =0, (6)

a
for the functions u satisfying the boundary conditions (4) and (5) and v
satisfying the adjoint boundary conditions

Self Adjoint Operators:
We shall be interested in second order differential operators

u
dr2

where the coefficients a, b and ¢ are some functions of x. Here we assume

Lyu(z) = alz)—— + b(m)—— + e(x)u, (7)

that Re{a) > 0. It is easy to show that the adjoint operator is given by

d2

Ly = 7 —(av) — m(bL) + v, (8)
and the function @ in the surface term is found as
_ du d, _ _
Qu,©) = av—— — ut—i;;(ab) + but, (9)

If the coefficient functions are real and

da(z)

b{a) = ——=, 10
@) =22, (10)
Then L, = L, becomes a self-adjoint operator and the @ term becomes.
du d7
Qu,7) = a(vdm uag), (11)

With a suitable weight factor all second order differential operators are self-

adjoint

Theorem 1. Every linear second order differential operator with real coeffi-

cients is self adjoint provided the weight function w(x) is chosen properly



wipy <P P b))
() a  p  ala) (12)

where the differential operator inkes the form

1,d du
Lou= E(d—fap(l)cﬁ) + cu, (13)

and the function () is given by

Q(u, 7) = p(am—'—um (4)

Problems:

1. Prove that the following boundary conditions on u{z) , Ly defines a
Hermitian differential operator L

(i) u(a) = u(b) = 0 (Dirichlet conditons),

(if) % (a) = (b) {Neumann conditions)

(iii) o ufa) — P(a) = ’3u(b) e (p), {ev, 8 real) (general unmixed conditions),
(iv) ula) = u(b) and % (a) = 2 (b), (periodic conditions).

2. Determine the formal adjoint of each of the operators in (a) through (d)
below (i) os a differential operator, and (ii) as an operator, that is, includ-
ing the boundary conditions (Determine the functions spaces of L and LY.
Which operators are formally self-adjoint? Which operators are self- adjoint?

(a) Le d i —rl in [0, 1] with «(0) = u(1) =0,

(b)) L= L in{0,1] with u(0) =v/(0) =0,

(¢) L= i in {0, 00) with u(0) =0,

(d} L, = d%—sina:iJrS in {0, 7] with ©{0) = «/(0) = 0 and v”(0)—4du(r) =0

Boundary value problems
Let u satisfy the inhomogenous differential equation with homogenous bound-

ary conditions



Lyu(z) = f(z), Bi(u)=0, Ba(u)=0, (15}

where f(z) is any integrable function. The function v satisfying the adjoint

differential and the homogenous adjoint boundary conditions

Liv(z) = h(z), adBi(r) =0, adBy(v) =0, (16)

Green’s Functions:
Green’s functions G(z,y) and g(z,y) of the above boundary value problems
are, respectively given by

L Ofey) = 2o, (a7
Lig(z,y) = wd(g(;)y) : (18)

using the Gren’s identity for the function u, v, G, and g pairwise (u, v), (u, 9),
(v,G) and (G, g) we obtain the following important identities

b
u(@) = [ ww)a(y, o) Fl)dy,, (19)
o@) = [ wu)Cly. =) hu)d. (20)
and
m<.f.,g.>.=< C’,hs, “G.(:.];*,y.):.g(y,a:), (21)

Since the solutions are given in (19) and (20), then the boundary value
problems (15) and (16) reduces to the determination of the Green’s functions
G and g

Second order operators and Green’s functions:

For a second order operators with real coefficients we have

4




f(z), Bl(u) =0, BQ(U) =0, (22)

I

i(p(:::)il—i) + cwu

d (P( )—) bewy = h(z), adBi{v)=0, adBy(v) =0, (23)

and the Creen’s functions satisfy the following equations

L (o) D) o) = o), (24)
d%(p(:,,)dgg D) 4 ewgla,y) = o - ) (29

Since the Greens’s functions satisfy the homogenous equation (L,G(x,4) =
0) for x # y the we have
ciit + cotial(T a<T<1
G(z,y) = w(2) + o) aseE<y (26)
dyuy{2) + doun{z) <y <D
where u; and ug are the independent solutions of the homogenous equation
Lou =0 and ey, ¢g,dy, dy are constants (wrt ) to be determined by the fol-
lowing conditions on &. First two are the homogenous boundary conditions

and the rest two are the continuity of G and jump condition for the derivative

of (&

G(l y)la: =y+ — (l‘:y”ﬂ::yw (28)
dGay), _dO@y), L
dr Je=y- = Tdr ~de =T ply)’ (29)

We have the following important theorem.

Theorem 2. Consider the boundary value problem Lyu = f(x) with the
homogenous boundary conditions By(u) = 0 and Ba(u) = 0. Here we assume

5



that Lyis o second order differential operator. Provided that the homogenous
equation has no nontrivial solution satisfying the above boundary conditions
the Green’s function associated with the boundary value problem exist and
unique. The solution is given by

b
u(e) = [ wly) Clay) £ (v)dy (30)

Problems:

3. Let Bi(u) = 0 and By(u) = 0 are defined at & = a and & = b respectively.
Solve the Green’s function defined in (26).

Solution: The continuity conditions (28) and (29) are solved easily (see DI
page 281)

Us@Uoly) o« o o,
G(:c,y)={ e oy (51)
Thww . y<Tst

where W = ULU{ — U,UL is the Wronksian of U (2) = wi{z) — o ua(z)
and U (z) = wi{x) — Bus(z). Here u; and uy are independent solutions of
the homogenous DE (the fundamental set). Prove that p(z)W({U.,U.) is

constant for all z. The boundary conditions (27) mus also be satisfied, hence

Bi(Us) = Bi(u1) — aBy(u2) =0,
By(Us) = Ba(ur) — 8By(ug) =0
Hence o and 3 are determined. As we discussed above the product plV is
assumed to be a nonvanishing constant. If it is zero, then Uc(z) = als(2),

where ¢ i3 an arbitrary constant. Usine the definitions of U, and U< and «
2 o < >

and 7 found above this relation gives |

Bi(u1 — pug) =0, Ba(uy — pug) =0



: v bk g g B2012)
We obtain this by letting ¢ = p BQ(uf) \

above relation implies the existence of a nontrivial solution uy — pus of the

where p is another constant. The

homogenous DE satisfying the homogenous boundary conditions, but this is

contradiction with our assumption.

4. Solve the Cireen’s function when both boundary conditions are given at the

same point = = a. As an example take for instance u(a) = 0 and u'(a) = 0.

Boundary value problems with inhomogenous boundary conditions:
Let By (1) = v and By(u) = va, where v; and o are some given constants. In
this case the construction of the Gree’s function is exactly similar as above.
We determine the Creen’s function as if the problem is with homogenous
boundary conditions. Here the expression for {30) u changes. To obtain
the expression for u we use the Green’s identity, but in this case since the
boundary conditions are homogenous we cammot assume that the surface term
is zero. For the operator L, given in (13) the surface term is given in (14).

Now using the generalized Green’s identity we get

b . :
o) = [ wG I+ Wl e -G ) T, @)
here we use By (u) = 71 and Ba(u) = 2. In the above expression {32) we have
u(a), u(b) and v'(a), v/ (b) terms in the surface term. Two of them are inserted
from the inhomogenous boundary conditions By(u) = 1 and By(u) = 72 and
the rest dissapears from the expressions due to adjoint homogenous boundary
conditions (for ‘seif dual operators due to the same homogenous boundary .

conditions)

Problems:

5. Tn problem 3 , if By{u) = v and By(u) = 74, then the complete solution
will be

ulz) = / ' w(y) Gz, y) f(y)dy + %‘%”ﬂ T 328 "



6. Solve u” 4+ u = f{z) with u(0) = v/(0) = 0.
7. Find the Green’s function for L,= ;% + k% with u(0) = u{a) = 0.

8. Find the Green’s function for L, = de—? — k2 with u{cc) = u(—c0) = 0.

9. Find the Geen’s function for L, = d%_ 1% given the condition that G(2,y)

is finite at £ = 0 and vanishes at z = 1.

10. Problem 5 can be generalized further. Let L,u = f with boundary
condition By{u) = ~; and Bo{u) = 7. Here L, is a second order differential
operator with real coefficients. Prove that the solution is given by

1

u{z) = f: wly) Gla,y) fy)dy + *A-[Bz(uz) ur(2) — Ba(u)ua(@)] 11 +

%[Bl(ul)ug(z) ~ Bi(us)ua ()] %2 (33)

where A = By (u;)By(ug) — Bi{us)Ba(u1) and the Green’s function is found as

if the boundary conditions are homogenous. Discuss the case where A = 0.

When there exist a nontrivial solution of the homogenous equation
satisfying the homogenous boundary conditions:

Let v; be the nontrivial solutions of the homogenous adjoin DE satisfying
adjoint boundary conditions . Hence using the pair (v;, G} we obtain v; =0,
from {20) by letting k = 0 (v satisfies the homogenous equation). To resolve

this we must modify the differential equations for GG and g. They are

L.Gz.y) = M—Zﬁ,(i)m(g) (34

w(z)

k=1
Ligle,y) = i(—;flmg(uw (35)

where u;, (i < 2}, v, ( € 2) are orthonormalized solutions of homogenous
L,u = 0 and Llv = 0 satisfying homogenous boundary and adjoint boundary
conditions respectively. To restore the uniqueness of the solutions we have

the conditions



<G >=0,(i < 2) < vy,9 >=0(i < 2) (36)

For the self adjoint operators and for the case there exists only one homoge-

nous solution satisfying the homogenous boundary conditions we have

LGa,y) = ~E@)ey), z+#y (37)
b
/a Gz, y) e(x)dz = 0, (38)

here e is normalized solution of the homogenous equation satisfying both
homogenous boundary conditions.

See the example in DK page 284. For the solutions to exist we must have
{from (21, since h = 0)

b
<fe>= [ fl@e)de =0
[
If this condition is satisfied the solution of boundary value problem is given
by

b
u(w) = ce(@) + [ w(u)G(,y) fW)dy
a
where e(z) is any solution of the homogenous equation satisfying the ho-

mogenous boundary conditions. Hence we have the following theorem

Theorem 3. Assume that there exists nontrivial solutions of the homogenous
DE Lu = 0 satisfying the both boundary conditions Bi(u) = and Ba(u) =0
boundary. Then, either the solutions of the boundary value problem Lu = f
with Bi(u)} =0, Ba(u) =0 do not exist or (if it exists) they are not unique.

Problems:
11. The solution of the example in DK (page 284) is given as follows: So-
lution does not exist if f°, f(y)dy # 0. If the equality holds then there are

infinitely many solutions of the boundary value problem.



ue) =a+ o [ ys@dy [ - y)rdy

where « is any constant.
12. Solve v” + u = f(z) with u(0) = u{z) =0
13. Solve v = f(x) with »(0) =0 and v/(1) =1

Eigenfunction expansion of the Green,s functions

Theorem 4. Let L, be second order differential operator and lel Loy =
f(2), 2 € [a,b] with the boundary conditions cos au{a) — sinav'(a) = 0 and
cos Ju(b) + sin 3u'(b) = 0. The we have the following: (i) the spectrum
consists entirely of eigenvalues (i) The eigenvalues are countable and can be
listed in a sequence \; << Ag < -+ < Ny < -- - with limy oy == O (#ii) the
sel of normalized eigenfunctions {u;} is an orthonormal basis for LZ(a,b)
(iv) For the equation Lyu — \u = f(z) exactly one of the following hold:

(a) If A is not an eigenvalue of L then the solution is unique for every f €
L2(a,b). This solution is given by

u) =Y S )

i=1

(b) If X = A; is an eigenvalue then

, <u, f >
u(z) = Cuy(z) + Z v zm ()
i#j
provided <. f.u; >= 0 otherwise there is no solution.. Here C' is an arbitrary -

constant

Problems

14. Consider the Sturm-Liouville eigenvalue problem consisting of the differ-
ential equations (L,u+ Au) = 0 and the boundary conditions B;{u) = 0 and
By(u) =10

(i) '+ =0, u(0)=0, cosFu(l)-+sin3u'(1) =0

10



(i) u’ +Au=0, «(0)=0, cosgu(l)+sindu'(l)=0
(iii) (zv') + Aow =0, ula) =u{d)=0

Higher dimensional Green's functions:
Let V2 denote the Laplace operator in n— dimensions. Then V? G(x) = §(x)
where x € R” has solution (see Set 4, problem 8)

2-n

Cp T4 n>3

mm:{

colmr n=2

where

1
- -—— . >
Cn A, 20
1

Cy = —
2%

Here A, is the surface area of the unit sphere in n dimensions given by

. zn.n/".’
An = T(n/2)
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More problems about the Green’s function technique:

1. Evaluate the Green’s function and solutions for each of the following

difierential equations in the interval [0, 1].

(&) v’ —Ku=f, u(0)—w{0)=au(l)=0b,

(b}’ = f, u(0) =v'(0) =0,

(hu” +6u" +9u=0, u0)=0,4(0)=1,

(o’ +w*u=f forz >0 u(0)=au(0) =1,

(eyut =f, w(0)=0,(0) = 2u'(1),u(l) = a,u"(0) = 0

2. (From Hildebrand Advanced Caleulus for Applications)
Consider u” + v = f(z} with «(0) = 0 and u(a) = 0 with sine # 0
(a) Show that

u{z) = ‘/Dx fly)sin{z — y)dy + c sinx

where ¢ is such that

¢sinae = — foa Fly)sin(a — y)dy

Henece

u(z) = b [f; fly)sin{e — y) sinady + /{: f(y)sin(a — y)sinz dy

sina

(b) Prove that

sin y sin{z—a)

: G(:Ly) = { Sfﬁ(ysiiiz?éinx

sina

B
=

INCIA
o

when sina # 0
(c) If sina = 0, show that the above equations has no solution unless f(x)

satisfies the condition

/Da flx)sin(a — z)dxr =0
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in which case there are infinitely many solutions , each of the form
u() = fﬂ " 1) sin(z — y)dy + C'sinz
where C' is an arbitrary constant
3. Solve u” = f{2) with 4{0) = a and v'(a) = 3 and show that
u@) = a+ g+ [ Gla,4)/ )y
with

—r <y
—y T2y

4. Solve u” — u = f(z) with u{—co) = 0 and u(cc) = 0 and show that
1 g
u(@) = 3 f e 1= fly)dy
5. Solve u” — 1u/ = f(2) with u(0) = 0 and «{1) = 0 and show that

u@) = [ Gle. )ty

with
(gt

r <y
4 oap) — 2y —
G(.L: y) - { %y(lgmz] . 2

Y
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